We revisit the transverse momentum broadening of a fast parton pair crossing a nuclear medium, putting emphasis on the pair global color state, for any number of colors N and within the eikonal limit for parton propagation and the Gaussian approximation for the gluon field of the target. The pair transverse momentum probability distribution is derived in a kinetic equation approach, and is determined by an operator B describing the possible transitions between the pair color states when crossing the medium. The exponential of B encompasses the 4-point correlators of Wilson lines in the saturation formalism. We emphasize the relation of B with the anomalous dimension matrices appearing in the study of soft gluon radiation associated to hard 2 → 2 partonic processes. In a well-chosen, orthonormal basis of the pair color states, we rederive B for any type of parton pair, making maximal use of SU(N ) invariants and using 'birdtrack' color pictorial notations, providing a quite economical derivation of all previously known 4-point correlators (or equivalently, anomalous dimension matrices for 2 → 2 parton scattering). We discuss some general features of the pair transverse momentum distribution. The latter simplifies in the 'compact pair expansion' which singles out the global charges (Casimirs) of the pair color states. This study should provide the necessary tools to address nuclear broadening of n-parton systems in phenomenology while highlighting the color structure of the process.
Introduction
In proton-nucleus collisions at sufficiently high energies, hadron production arises from the production of partons which live long enough to propagate through the whole nuclear target. In this situation, not only the underlying hard partonic process, but the in-medium parton propagation itself is commonly addressed in perturbative QCD (pQCD). Within the perturbative framework different nuclear effects, responsible for the modification of production rates in proton-nucleus (p-A) when compared to proton-proton (p-p) collisions, have been addressed using various formalisms. Some of those effects can be encoded, within the collinear factorization formalism [1] , in the leading-twist nuclear parton distribution functions (nPDFs, obtained from global fits based on DGLAP evolution), such as the depletion of the gluon PDF in the target nucleus at small gluon longitudinal momentum fraction x 10 −2 , namely, leading-twist shadowing [2] . Several other nuclear effects, not accounted for by leading-twist QCD factorization, have been widely discussed. In the saturation formalism [3] [4] [5] [6] [7] , gluon shadowing (determined from non-linear QCD evolution) incorporates 'higher-twist' effects induced by gluon rescattering in nuclear matter, and thus differs from the shadowing included in leading-twist nPDFs. (See Ref. [8] for a topical review on shadowing.) Other effects such as transverse momentum nuclear broadening and medium-induced energy loss have been addressed theoretically in different formalisms, for instance in a path-integral approach in Refs. [9, 10] , in a Glauber picture for multiple soft scattering [11, 12] , in the opacity expansion [13] [14] [15] [16] [17] [18] [19] [20] , in the higher-twist approach [21] [22] [23] [24] [25] [26] [27] , and in the saturation formalism (see e.g. [28] [29] [30] ). Those effects have been implemented in numerous phenomenological studies of various observables in p-A collisions (see e.g. [7, 31] for reviews).
Maybe the simplest of the above nuclear effects is nuclear p ⊥ -broadening, usually defined in hadron (jet) p-A vs p-p production as ∆ p 2 ⊥ ≡ p 2 ⊥ pA − p 2 ⊥ pp , where p 2 ⊥ is the average of the hadron (jet) p 2 ⊥ . At high-energy, hadron p ⊥ -broadening is inherited from the parent parton (up to a rescaling by the hadron longitudinal momentum fraction w.r.t. the parton), which dominantly arises from parton diffusion in transverse momentum space due to in-medium rescatterings. The main features of p ⊥ -broadening are those of a classical high-energy particle undergoing a random walk in transverse space, namely, ∆ p 2 ⊥ = C Rq L, where L is the longitudinal size of the nucleus (assumed to be much larger than the proton size), C R the squared color charge (Casimir) of the parton in color representation R crossing the medium, andq the parton transverse momentum squared acquired per unit path length, defined here for a parton of unit color charge. With the latter conventionq =Q 2 /L, whereQ is the 'color-stripped' saturation scale defined bȳ Q 2 ≡ Q 2 s /N , with Q s the gluon saturation scale. At high energy,q is related to the small-x gluon distribution,q =q(x) =Q 2 (x)/L ∼ xG(x) [3, 12] . In addition to the latter x-dependence,q also acquires some logarithmic L-dependence arising from radiative corrections [32, 33] .
In spite of its apparent simplicity, p ⊥ -broadening is an interesting observable which can bring valuable information. For some processes, the observed magnitude of p ⊥ -broadening may help disentangling various production mechanisms. For instance, for J/ψ production in p-A collisions, p ⊥ -broadening may differ by a factor of 2 depending whether the cc pair is assumed to be produced in a color octet or color singlet state [34, 35] . The actual magnitude ofq(x) (equivalently, of the saturation scaleQ(x)) may be accessed through various phenomenological studies, for instance (see Ref. [7] for a review) of small-x DIS data [36] , saturation effects in single and double inclusive hadron production [37, 38] , broadening in Drell-Yan or quarkonium production [39, 40] , parton energy loss effects in quarkonium production [41, 42] , shadowing/saturation effects in Drell-Yan production [43] .
In most of studies on dihadron/dijet production (see e.g. Refs. [38, [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] ), the accent is put on the small-x saturation physics rather than on the color structure of the underlying process, and a sum over final color indices is performed. However, addressing the non-trivial color structure of parton pair production has proven to be quite enlightening [55] [56] [57] . In the present study, we revisit the p ⊥ -broadening of a parton pair, putting emphasis on the pair SU(N ) irreducible representation (irrep) or color state (with a different viewpoint from Refs. [55] [56] [57] ). Expressing the dijet cross section as an explicit sum over the parton pair color states may give an additional handle to probe small-x saturation effects (see section 5 for a discussion).
For a parton pair in a given color state α, the broadening of transverse momentum imbalance q ≡ p 1 + p 2 1 in general depends not only on the Casimirs of the individual partons (C F = (N 2 − 1)/(2N ) and C A = N for quark and gluon, respectively), but also on the pair global charge C α . In the particular case of a pointlike pair, the broadening depends solely on C α , q 2 α ∝ C α . Thus, dihadron (dijet) production may probe 'unusual' Casimirs larger than C F or C A , simply because of the presence of higher dimensional color states in the inclusive pair production cross section. As an illustration, consider a quark-gluon pair. For SU(N ) with N ≥ 3, the latter can appear in three different color states, 2 3 ⊗ 8 = 3 ⊕6 ⊕ 15 , 9 p 2 ⊥ g . In practice, a parton pair produced in p-A collisions has a finite relative momentum |p 1 − p 2 | and thus cannot be truly pointlike. However, one may approach the pointlike pair limit by considering the domain of large relative momenta, where the pair effective transverse size ∼ 1/|p 1 − p 2 | is smaller than the resolution power ∼ 1/Q of the medium. We will call such a pair a compact pair and the kinematical domain |p 1 − p 2 | ≫Q the compact pair limit.
In this study we review the p ⊥ -broadening of an energetic parton pair in a self-contained theoretical model, within the eikonal limit for parton propagation, the Gaussian approximation for the gluon field of the target [58] (where the saturation scaleQ is independent of x), and putting emphasis on the pair color state. We work at finite number of colors N . 3 We first review in section 2 the case of a single parton crossing a nuclear medium, which will be useful in the rest of the study. We recall the derivation of the broadening distribution f (p; L) (see (2.6)) from a simple kinetic equation, as well as its limiting behaviors and the distinction between typical and average p ⊥ -broadening. In section 3, the main part of the study, we review the transverse momentum broadening of an 'asymptotic parton pair' (qq, qq, qg, or gg), using the same kinetic equation approach. We derive the pair transverse momentum probability distribution f α→β (p 1 , p 2 ; L) (see (3.22) ) which is fully determined by an operator B describing the possible transitions between the pair color states α when crossing the medium. The exponential of B encompasses the 4-point correlators of Wilson lines in the saturation formalism calculated previously, and B is also directly related to the anomalous dimension matrices appearing in the study of multiple soft gluon radiation associated to hard 2 → 2 partonic processes. In a well-chosen, orthonormal basis of the pair color states, B can be easily rederived for any type of parton pair, making maximal use of SU(N ) invariants and using 'birdtrack' color pictorial notations, thus providing a quite economical derivation of all previously known 4-point correlators (or equivalently, anomalous dimension matrices for 2 → 2 parton scattering). We discuss some general features of f α→β (p 1 , p 2 ; L), and introduce the 'compact pair expansion'. The study of an asymptotic pair is somewhat academic but contains all ingredients necessary to address the more realistic case of a parton pair produced in a hard process briefly reviewed in section 4, as well as to substantiate the expected features of dijet (or more generally n-jet) nuclear broadening, as illustrated in the final discussion of section 5.
Transverse momentum broadening of a single energetic parton
Here we briefly review the derivation of p ⊥ -broadening for a single parton, based on a simple kinetic equation, as done in Ref. [12] . This introduces the notations and basic ingredients used in section 3 to study the p ⊥ -broadening of a parton pair.
Transverse momentum probability distribution f (p; L)
Consider a massless parton a of Casimir C R (with C R = C F for a = q, and C R = C A for a = g) prepared in the far past with p = 0 ⊥ and longitudinal momentum p z > 0, and traversing a nuclear medium of length L. For simplicity we consider the medium to be homogeneous and invariant under translations in the transverse plane. We work in the eikonal limit where p z can be arbitrarily large, the other scales (in particular, transverse momenta) being upper bounded.
When studying p ⊥ -broadening within the Glauber model where successive parton scatterings are assumed to be independent, the central quantity is the parton 'scattering potential' V (q), defined as the normalized probability distribution for the parton to absorb q ⊥ in an individual parton-nucleon scattering [12] . Treating the parton-nucleon scattering amplitude in the single gluon exchange approximation (see Fig. 1 ), V (q) takes the form of a screened Coulomb potential, where the parameter µ plays the role of the inverse screening length of the medium. In cold nuclear matter, the Coulomb interaction is effectively screened by color neutrality at distances larger than the nucleon size ∼ Λ −1
QCD
, and thus µ ∼ Λ QCD . One easily checks that µ is the magnitude of the typical transverse momentum transfer in parton-nucleon scattering. (The domain q ⊥ µ saturates half of the integral d 2 q V (q).)
Within the above setup, the probability density f (p; t) for the parton to have transverse momentum p at time t satisfies the kinetic equation [12] 
where λ R is the average time (or parton mean free path) between two parton-nucleon scatterings. The first term in the r.h.s. of (2.2) is the 'gain term' between t and t + dt, given by the probability dt/λ R to have one scattering in time dt, times the probability that the parton transverse momentum is p after that scattering. The second term of (2.2) is the loss term, given by the product of dt/λ R and the probability that the transverse momentum is p before the scattering. 4 Note that in the single gluon exchange approximation for partonnucleon scattering ( Fig. 1) ,
R . This follows from the relation λ R = 1/(ρσ R ), where ρ is the nuclear density and σ R the parton-nucleon cross section, and the fact that σ R ∝ C R in this approximation. In the following, it will be convenient to use the 'color-stripped' mean free path
which is easily solved by going to transverse coordinate space [12] . Defining
we obtain from (2.3)
where we used the initial conditionf (x; 0) = 1, corresponding to the initial distribution f (p; 0) = δ (2) (p) in transverse momentum space. The probability density for the parton to have transverse momentum p after crossing a medium of length L thus reads
with the Fourier transformṼ (x) of the scattering potential (2.1) given bỹ
The expression (2.6) is well-known and was derived in different formalisms (in addition to the kinetic equation approach of Ref. [12] ). Let us recall that production processes can be related to forward amplitudes [2, 9] . In the present case, the transverse momentum probability distribution of a parton a is related to the scattering amplitude (or S-matrix element) of an aā color dipole of transverse size x (namely, the factor e −C RΓ (x) in (2.6)) [3] . Note that within the 'dipole picture', the 'single gluon exchange approximation' (for partonnucleon scattering, see Fig. 1 ) is also called the 'two-gluon exchange approximation' (for dipole-nucleon scattering), as e.g. in Refs. [55] [56] [57] . In the saturation formalism, the aā dipole scattering amplitude e −C RΓ (x) results from evaluating the correlator of two Wilson lines (of parton a) in the McLerran-Venugopalan (MV) model [58] , where color sources in the nucleus have Gaussian correlations, and can be found for instance in Refs. [44, 59] . It depends on the 'saturation scale' Q a of parton a in the nucleus, related to the parameters C R , L, µ and λ 0 as 9) whereQ is the 'color-stripped' saturation scale.
Limiting behaviors of f (p; L) and typical vs average p ⊥ -broadening
The expression of the transverse momentum distribution (2.6) will be recurrent in our study. (Up to the color factor C R , similar expressions will describe the p ⊥ -broadening of a compact parton pair, see section 3.) We briefly recall those features of f (p; L) which will be useful in the next sections. The expression (2.6) depends on the three parameters p ⊥ , C R L/λ 0 and µ, or equivalently (see (2.9)) on p ⊥ , Q a and µ. In the following we will always consider p ⊥ and Q a (or Q) to be much larger than µ. In the limit p ⊥ ,Q ≫ µ, we readily see that the integration region x ⊥ ∼ > 1/µ ≫ 1/p ⊥ can be neglected in (2.6). Thus, (2.6) arises dominantly from the region x ⊥ ≪ 1/µ, where to logarithmic accuracy we have (use (2.7), (2.8) and (2.9))
The limiting behaviors of (2.11) when p ⊥ Q and p ⊥ ≫Q were obtained in [12] .
For completeness, a quick derivation of those limits is presented in Appendix A. In the 12) whereas the behavior at p ⊥ ≫Q is algebraic,
Quite intuitively, at large p ⊥ the distribution f (p; L) arises dominantly from a single, hard Coulomb exchange, yielding the factor V (p) ≃ µ 2 /(πp 4 ⊥ ) in (2.13), the additional factor being the number of ways to choose that hard exchange among L/λ R scatterings.
We emphasize that when p 2 ⊥ ∼ p 2 ⊥w , (2.12) is still larger than (2.13) by a factor log (Q/µ). Thus, within the logarithmic accuracy defined by
the Gaussian behavior (2.12) holds slightly beyond the value p 2 ⊥ ∼ p 2 ⊥w corresponding to the width of the Gaussian.
From the limiting behaviors (2.12) and (2.13) one can infer that:
is dominated by the region p ⊥ ∼ p ⊥w . In particular, the typical (or median) valuep ⊥ of p ⊥ , defined by the implicit equation 15) can be found by replacing in (2.15) the exact distribution f (p; L) by f G (p; L). This yields [12] (see also Appendix A of [60] for an alternative derivation ofp ⊥ )
In practice, an upper cut-off on p ⊥ is provided by experimental constraints. As long as p ⊥ max ≪ p z , so that the eikonal approximation remains valid, we expect the parametric dependence
For a single parton, 'p ⊥ -broadening' (defined as being either typical or average) is trivially proportional to the parton Casimir C R . We stress that this color dependence can be read directly from the p ⊥ -broadening distribution (2.6). In the case of a parton pair, we will similarly read the color dependence of nuclear broadening on transverse momentum distributions.
3 Transverse momentum broadening of an asymptotic parton pair
In this section we study the p ⊥ -broadening of an 'asymptotic' pair of partons a and b, with a, b = g, q orq. We assume that the pair enters the nuclear medium with some initial transverse momentum distribution and in a given color state α. We derive the probability distribution f α→β (p 1 , p 2 ; L) to find, after crossing the length L, the partons with transverse momenta p 1 and p 2 and the parton pair in the color state β, given the initial condition f α→β (p 1 , p 2 ; 0).
In section 3.1 we discuss the color structure of the process and define color states, using birdtrack color pictorial notations [61] [62] [63] . We then derive in section 3.2 the distribution f α→β (p 1 , p 2 ; L) using a kinetic equation approach, as in the case of the single parton transverse momentum distribution f (p; L) reviewed in section 2. In sections 3.3 and 3.4 we emphasize the relation of the B 'evolution operator' (3.18) to soft anomalous dimension matrices and to correlators of Wilson lines, respectively. In section 3.5 we present some general properties of f α→β (p 1 , p 2 ; L).
Color structure and pictorial notations
A generic contribution to transverse momentum broadening of the ab parton pair is shown in Fig. 2 , where the upper half of the diagram represents the scattering amplitude of the pair in the medium (referred to as the s-channel scattering amplitude), and the lower half its conjugate. For illustration we take the ab pair to be a quark-gluon pair. In the following, we will often take a quark-gluon pair as a generic pair when discussing general features applying to any type of pair, and otherwise explicitly mention the specific case under consideration (qq, qq, qg, or gg). We will use the 'two-gluon exchange approximation' where the scattering off the nucleus consists in two-gluon exchanges between the overall color singlet abbā system and any number of nucleons in the nucleus, see Fig. 2 .
At any time t, the color state of the ab pair can be decomposed into a sum of SU(N ) irreps labelled by α, namely, a ⊗ b = α R α . (Recall that an irrep α can be defined by its associated Young tableau.) We denote by P α the s-channel projector on the irrep α, satisfying P α P β = δ αβ P α and the (s-channel) completeness relation 1 1 = α P α . The latter is written in pictorial form as
Inserting in Fig. 2 , at a given time t between rescatterings, the completeness relation (3.1) Figure 2 . Generic contribution to the distribution f α→β describing the evolution, in transverse momentum and color space, of an ab parton pair (drawn here for a = g, b = q). The partons a, b (in the amplitude) andb,ā (in the conjugate amplitude) are labelled by i = 1 . . . 4, respectively. The scattering between the nucleus and the color singlet abbā system is treated in the two-gluon exchange approximation (nucleons are represented by crosses).
in both the amplitude and its conjugate, allows one to express the whole diagram as
where the shaded areas include the whole dynamics occurring before or after time t.
From color conservation, the s-channel irreps β (in the amplitude) and γ (in the conjugate amplitude) have to 'match' (in other words, to be associated with the same Young diagram). For a qg pair for instance, there are three different irreps, 3 ⊗ 8 = 3 ⊕6 ⊕ 15, 6 β and γ can take three values (β, γ = 3,6, 15), and color conservation imposes β = γ in the double sum of (3.2). The same holds forpairs (3 ⊗ 3 =3 ⊕ 6) andpairs (3 ⊗3 = 1 ⊕ 8). In general, the 'matching' of irreps is not equivalent to setting β = γ in (3.2). In the case of a gg pair for instance, 8 ⊗ 8 = 1 ⊕ 8 a ⊕ 8 s ⊕ 10 ⊕ 10 ⊕ 27 ⊕ 0, 7 color conservation reduces the double sum of (3.2) to all allowed s-channel transitions β → γ, including 8 a → 8 s and 8 s → 8 a . However, the two latter transitions turn out to be irrelevant in our study, where the product of symmetry signums σ β σ γ is always positive. 8 This follows from the fact that σ β σ γ = +1 in the initial state (the incoming parton pair is in the same color state in both the amplitude and its conjugate) and from the conservation of the product σ β σ γ during the evolution, easily inferred from pictorial equations of the type 6 We recall that SU(N ) representations are named according to their dimensions in the case N = 3. 7 The irrep 0 appears only for N > 3, see Appendix C. 8 The signum σα is defined as the eigenvalue of the irrep α under permutation of the two gluons in the tensor product 8 ⊗ 8.
implying σ β σ β ′ σ γ σ γ ′ = 1 and thus σ β σ γ = σ β ′ σ γ ′ . 9 Thus, 'mixed transitions' 8 a → 8 s and 8 s → 8 a never appear in our study. In summary, for any type of parton pair we can set β = γ in (3.2). As a consequence, we can label the pair color state at any time by the s-channel irreps α.
Similarly to the case of a single parton a where the distribution f (p; L) is related to the aā dipole scattering amplitude (see section 2), for an ab parton pair the distribution f α→β (p 1 , p 2 ; L) is related to the abbā quadrupole scattering amplitude [55] [56] [57] , which is a matrix in color space. From color conservation, the color singlet abbā states are in one-toone correspondence with all possible color structures for ab → ab transitions, i.e. s-channel β → γ transitions. 10 Since for our purpose, the latter can be reduced to those with β = γ, we see that we can also label the relevant color singlet abbā states by the label α of s-channel irreps. 11 We thus choose the following orthonormal basis of color singlet abbā states,
where the arrow and symbol α in the blob indicate that the pair is projected onto the schannel irrep α, and K α is the dimension of the irrep α. Using color pictorial rules [61] [62] [63] , we directly check that the basis (3.4) is orthonormal,
where the sum over color indices of the intermediate four-parton state is implicit, and we used
9 In (3.3) the first equality simply follows from the relation T1T3 = T2T4, where Ti denotes the color generator of gluon i. Indeed, 2T1T3 = (T1 + T3)
2 from color conservation. The second equality in (3.3) is obtained by permuting the two gluons of the pair twice in the amplitude (respectively, right before and right after the scattering, yielding the factor σ β σ β ′ ), and twice in the conjugate amplitude (yielding the factor σγ σ γ ′ ). Note that the conservation of the product σ β σγ holds within the two-gluon exchange approximation. 10 In general, for a given process ab → cde . . ., the number of possible color transitions equals the number of independent color singletābcde . . . states in the 'color space' of the process [64] . 11 In the gg case, allowing for an initial pair in a 'mixed' color state (e.g., 8a in the amplitude and 8s in the conjugate), would invalidate the statement that β = γ. In such a situation, one would need to label the gg color state by β and γ at any time of the evolution, as for instance in Ref. [57] . For N > 3, this enlarges the relevant color space from 7 to 9 dimensions, but does not entail any formal complication. Our study could be simply extended to such a situation by trading the 'projector basis' (3.4) for the larger 'vector basis' of all independent color singlet gggg states [64] .
For further use, let us mention the completeness relation 12
where |γ γ| is the projector on the color singlet four-parton state |γ . It will be convenient to view the distribution f α→β as the matrix element of a 'color transition operator'f acting in the space of (orthonormal) color singlet states |α ,
Note that the initial and final color states α and β are read from left to right in α|f |β , i.e., an initial (final) state appears as a bra (ket) in the transition matrix element. This convention is consistent with drawing Feynman diagrams with increasing time from left to right, which facilitates the reading of equations involving pictorial color factors. As a last color pictorial rule needed in this study, we choose the convention where a gluon coupling to a parton i of color generator T i provides a factor T i when the coupling occurs from below, and a factor −T i when it occurs from above [62] . Within this convention, conjugate partons have opposite color generators, and color conservation is made pictorially explicit. For instance, in an overall color singlet parton system, the individual color generators satisfy
We are now ready to derive the distribution f α→β using a kinetic equation approach, using the same setup as in section 2. At a given time t of the evolution of the qg pair (chosen as a generic pair), the relevant quantity is the distribution f α→β ({p i }; t) to find the gluon and quark with momenta p 1 and p 2 in the qg scattering amplitude, and the antiquark and gluon with momenta p 3 and p 4 in the conjugate amplitude, with i p i = 0 (see Fig. 2 ). The final distribution f α→β (p 1 , p 2 ; L) to 'tag' the gluon and quark with momenta p 1 and p 2 after crossing the medium will be obtained from f α→β ({p i }; L) by setting p 4 = −p 1 and
Let us consider the generic contribution to f α→β ({p i }; t + dt) represented in Fig. 2 , where the last scattering (and only that one) happens between t and t+dt. Let us moreover focus on those contributions where in the last scattering, the two exchanged gluons attach to distinct parton lines i and j, 1 ≤ i < j ≤ 4. This type of contribution modifies the p i 's between t and t + dt, and thus contributes to the 'gain term' of the evolution equation for f α→β ({p i }; t) (in analogy with (2.3)). Inserting, at time t of the evolution, the completeness relation (3.7) in the generic diagram of Fig. 2 , we easily find for the gain term,
where the sum over γ is implicit, and the color factor C γβ ij corresponding to the pair ij of partons reads 13
The calculation of the loss term, arising from contributions where the two gluons exchanged in the last scattering couple to the same parton line, presents no difficulty. 14 Using color conservation, see (3.9), the color factors associated with such contributions can always be traded for color factors associated with the gain terms. For instance,
Adding gain and loss terms we obtain
13) where in f α→γ ({p i − ℓ, p j + ℓ}; t) only the two momenta p i and p j are shifted by ±ℓ, the two other momenta being unchanged. Obviously, in absence of a medium (i.e., replacing formally V (ℓ) → δ (2) (ℓ)) the loss term exactly compensates the gain term, similarly to the case of a single parton reviewed in section 2, see (2.3).
We now go to transverse coordinate space using 14) and obtain from (3.13),
15)
13 The contribution to the gain term where the two exchanged gluons (in the last scattering of Fig. 2 ) attach to partons 1 and 2 has a color factor T1T2 and an additional minus sign since the exchanged gluons both appear in the amplitude. (The relative weights of such contributions have been discussed previously, see for instance Ref. [65] .) This is consistent with the color factor (3.11), where pictorially the two exchanged gluons couple to partons i and j from below and from above, respectively.
14 In addition to a minus sign, those contributions have a symmetry factor 1/2 [65] . 16) with B a color matrix which can be expressed in terms of the functionΓ(x) defined in (2.7). DenotingΓ ij ≡Γ(x ij ), the matrix elements of B in the orthonormal basis (3.4) read
yielding the basis-independent expression of B,
For a nuclear medium invariant under translations in the transverse plane,f α→β ({x i }, t) depends only on three relative transverse positions, and one of the x i -integrals in (3.14) produces a trivial factor δ (2) ( i p i ). Redefining f α→β ({p i }; t) by removing this factor (consistently with the definition of the distribution in the single parton case, see (2.4)), choosing the three independent relative coordinates to be {x ij } ≡ (x 12 , x 23 , x 34 ), using (3.16) and finally setting p 4 = −p 1 and p 3 = −p 2 , we obtain from (3.14)
(3.19) Although we will not really need an explicit form of the initial conditionf α→γ ({x ij }; 0) in the following, it is natural to consider a dependence of the form 20) with ψ(x) the incoming pair wavefunction. Setting L = 0 (implying B = 0) in (3.19) and using (3.20) we find the corresponding initial condition in momentum space,
where ψ(p) is the Fourier transform of ψ(x). The factor |ψ(p 1 )| 2 in (3.21) is nothing but the initial distribution in the relative momentum r ≡
With the choice (3.20) the result (3.19) can be rewritten as
(3.22) Given an incoming wavefunction ψ(x), the parton pair transverse momentum distribution is fully determined by the knowledge of the color matrix B.
Relation of B to soft anomalous dimension matrix
It is noteworthy that the expression (3.18) is formally identical to the square of the soft gluon emission current j µ (k) associated to 2 → 2 hard parton scattering. Indeed, the latter reads [66] 23) with p i the four-momentum of parton i (assumed to be massless, p 2 i = 0), ω and k the energy and four-momentum of the soft radiated gluon, and w ij (k) the dipole antenna distribution
Thus, the matrix B defined by (3.18) is obtained from 
Following Ref. [66] , we can express (3.18) in terms of squared color charges by using
where C i = T 2 i is the Casimir operator of parton i, and by introducing the squared color charges exchanged in the s, t and u-channels of the scattering process, namely,
We obtain from (3.18),
where
jk , X t , X u are combinations ofΓ ij 's which are the formal analogs of the combinations of w ij 's defined in [66] , 32) and Q is the analog of the 'soft anomalous dimension matrix' associated with 2 → 2 parton scattering [66] ,
Soft anomalous dimension matrices are a key ingredient in the study of QCD observables sensitive to multiple soft gluon radiation [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . In general, such observables receive double logarithmic contributions, which exponentiate and can be expressed as the product of Sudakov form factors associated with each parton participating to the hard process. The form factor of a given parton is related to (the exponential of) the single gluon radiation probability off that parton, which is proportional to the parton Casimir. Form factors are thus diagonal in color space. Resumming single logarithmic contributions, in particular those arising from soft and non-collinear gluon radiation, is more complicated, because it involves in general mixing in the color space of the partonic process. For hard processes involving at least four partons (e.g., 2 → n processes with n ≥ 2), such contributions cannot be expressed solely in terms of parton color charges, and resum to the exponential of a non-diagonal color matrix named (soft) anomalous dimension matrix [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] .
In the present study of p ⊥ -broadening of a parton pair, the first term of (3.29) provides (after exponentiation) the analog of the product of Sudakov form factors in the problem of soft gluon radiation. As for the second term of (3.29), proportional to the anomalous dimension matrix Q associated with 2 → 2 scattering, it provides the analog of the 'fifth form factor' [66] . The analogy between the matrix encoding p ⊥ -broadening of a parton pair and the anomalous dimension matrix of 2 → 2 processes was noted in Ref. [57] .
Finding the explicit form of the matrix B in a given basis amounts to find the matrix Q in this basis. Anomalous dimension matrices have been derived in various bases [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] , and their explicit form is known for all 2 → 2 parton processes (see for instance Ref. [70] ). However, we found it useful to rederive the matrix Q associated with ab → ab scattering in a simple way, choosing the orthonormal basis (3.4). The latter is more convenient for our purpose for two reasons. First, a basis emphasizing the s-channel irreps of the parton pair is obviously more appropriate to discuss p ⊥ -broadening of the pair. In particular, the compact pair limit should single out the Casimirs of those irreps, as mentioned in the Introduction. Second, Q is always symmetric in an orthonormal basis [78, 79] , simplifying substantially the derivation. 15 A simple derivation of Q for ab → ab scattering is presented in Appendices B and C. In Appendix B we consider the cases where b is a quark, aq → aq, with a = g, q orq. Those three cases can be treated on the same footing. The associated Q-matrix can be obtained with minimal effort with the help of the Fierz identity, in terms of SU(N ) invariants (Casimirs C α and dimensions K α ) of s-channel irreps, resulting in the expression (B.6). In Appendix C we consider gg → gg, and present a simple derivation of Q which only uses the explicit form of the s-channel projector P a on the adjoint representation of a gluon pair. We find (C.15)-(C.16), recovering the results of Refs. [57, 66] in that case. 16 15 Strictly speaking, as proven in Ref. [79] , soft anomalous dimension matrices are symmetric in the subset of orthonormal bases built from color tensors involving delta functions, group generators and structure constants (which is the case of the basis (3.4) when the projectors Pα are built from those elements). 16 Existing calculations, such as that in Ref. [66] , are based on the following observation. In an s-channel basis such as (3.4), the operator T 2 s is the diagonal matrix of Casimirs of s-channel irreps. From (3.28), only one additional operator, e.g. T 2 t , needs to be evaluated to determine Q (given by (3.33)) in this basis. Since T 2 t is known (and diagonal) in a t-channel basis, one needs to determine the transition matrix Kst between t-channel and s-channel bases. Calculating Kst can be quite involved in general, since it requires For further use, we give below the matrix elements of B in the basis (3.4), for the cases aq → aq and gg → gg respectively, which directly follow from (3.29) and the expressions of Q recalled in Appendices B and C.
B-matrix for aq → aq
For aq → aq, C 2 = C 3 = C F and C 1 = C 4 = C a . Using (3.29) and (B.6) we obtain We stress that (3.34) encompasses the three cases gq → gq,→ qq,qq →qq, and is expressed only in terms of SU(N ) invariants.
B-matrix for gg → gg
For gg → gg, C i = N (i = 1 . . . 4), and from (3.29) and (C.16) we get 38) where α|(T 2 t − T 2 u )|β is given by (C.14) or (C.15).
Relation of B to correlators of Wilson lines

e B and 4-point correlators
The matrix e B , specifying the distribution f α→β (see (3.22) ) as shown from a kinetic equation approach, is directly related to 4-point correlators of Wilson lines. For a system of n partons crossing a nucleus in the eikonal approximation, the n-point correlator of the associated product of Wilson lines reads (see for instance Ref. [80] ) 39) where the Wilson line U i associated to parton i of transverse position x i and color generator T i is given by (in light-cone gauge A + = 0)
The average in (3.39) is over the gluon field (A µ = A µ c T c ) configurations in the nucleus, and α i , β i refer to the initial and final color indices of parton i (our convention for positioning knowing the explicit form of all s-channel and t-channel projectors. In Ref. [66] , this procedure is carried out explicitly for gg → gg. Using pictorial tools simplifies the color algebra, but the calculation remains quite elaborate. (See also the tensorial calculation of Ref. [57] .) The derivation of Q in Appendix C bypasses the calculation of the matrix Kst.
color indices is explained after (3.8) ). The n-point correlator (3.39) is the S-matrix element for the eikonal scattering of an n-parton system off the target nucleus.
The correlator (3.39) is derived in Ref. [80] in the so-called Gaussian approximation (which should be valid for sufficiently large nuclei), as used in the MV model [58] . Namely, color sources in the nucleus are assumed to have Gaussian correlations if evaluated at the same space position, but are otherwise uncorrelated. Within this approximation, and in the particular case of a color-singlet parton system relevant to our study ( i T i = 0, see (3.9)), the n-point correlator (3.39) reduces to [80] 
Recalling (3.18), we see that the matrix e B obtained in section 3.2 within a kinetic approach coincides with the 4-point correlator given by (3.41) for n = 4. 17 This follows from the equivalence between the Gaussian approximation and the two-gluon exchange approximation used for scattering of the color-singlet parton system off a nucleon. In fact, n-point correlators are often defined as specific linear combinations of matrix elements of (3.41) . In this sense e B encompasses all 4-point correlators calculated previously.
The matrix B in the basis (3.4) being real and symmetric, it can be diagonalized and thus in principle easily exponentiated. This can be done analytically forqq →qq and→ qq, where the eigenvalues of the B-matrix are roots of a quadratic polynomial. The expression (3.34) being given in terms of s-channel SU(N ) invariants, theandcorrelators can be derived on the same footing and in a rather economical way. This is illustrated in Appendix D, where we recover thecorrelator calculated in Refs. [46, 80] , see (D.20), and give the result for thecorrelator, see (D.11)-(D.14). The latter might be relevant when addressing higher-twist phenomena in p-A collisions and diquark states in the projectile proton.
The gqqg correlator can also be expressed analytically (the eigenvalues of B associated to gq → gq being roots of a cubic polynomial), yielding however a cumbersome expression. It has been noted that some simplification arises in the large-N limit, where one of the three eigenvectors of B decouples from the problem [56] . As for the gggg correlator [57, 66] , 18 the eigenvalues of B (related to the eigenvalues of the Q-matrix (C.16) by a simple shift, see (3.29) ) are roots of a polynomial of sixth degree, but quite surprisingly they also turn out to be expressible analytically, with three of them being roots of a cubic polynomial [66] . Thus, an analytical expression of the gggg correlator e B is in principle also available.
A purpose of our study is to address the compact pair limit (see the Introduction). The expression of e B in this limit simplifies, and can be found without needing the exact analytical expression of e B , see section 3.5.4. In the limit of an infinitely compact, i.e. pointlike 17 The saturation scales Q 2 s FH andQ 2 used respectively in [80] and in our study are related by
Using this relation in [80] gives (3.41) withΓ defined by (2.7), where L/λ0 is related to the gluon saturation scale Q 2 g by (2.9), L/λ0 = Q 2 g /(2N µ 2 ), with µ ∼ Λ QCD the inverse screening length in cold nuclear matter. Our convention for the gluon saturation scale is the same as in Ref. [46] . 18 See also Ref. [81] where a specific linear combination of matrix elements of e B is evaluated in that case.
parton pair, e B further simplifies and reduces to known 3-point and 2-point correlators, as recalled in the next section.
3-point and 2-point correlators as limits of e B
We quote here the limit of e B when the pair is pointlike, which is easily found from the general expression (3.18) of the operator B.
Let us first make the pair of partons 1 and 2 pointlike, x 1 = x 2 = u, giving in (3.18),
We then introduce the operator R β projecting from the four-particle state onto the threeparticle state containing one particle in representation β in the amplitude, and two particles in the conjugate amplitude,
Multiplying (3.18) on the right by this operator and using (3.42) we obtain
The expressions in parenthesis can be simplified using color conservation, 47) where B (1, 2) denotes the operator B (see (3.18) ) in the case of one parton in the amplitude and two partons in the conjugate amplitude. An immediate consequence of (3.46) is
This shows that making the pair pointlike in the amplitude, x 1 = x 2 = u, and reducing the number of particles from 2 to 1 in the amplitude with the help of the operator R β , turns the 4-point correlator e B into the 3-point correlator e B (1,2) .
Using (3.26), we easily show that e B (1,2) reads 19
. (3.49)
19 Strictly speaking, e B (1,2) is proportional to the 3-particle identity operator. The latter can be associated with R β in (3.48) , and e B (1,2) thus understood as a c-number. This is sometimes named 'color triviality' [66] .
The possibility of mixing between non-equivalent color states requires at least four partons.
Inserting now the complete sum over four-particle states, γ |γ γ|, in the l.h.s. of (3.48), we see that only the term γ = β contributes, and multiplying (3.48) by α| on the left we then obtain α|e B(u,u;x 3 ,x 4 ) |β = δ αβ e B (1,2) (u;x 3 ,x 4 ) , (3.50) which relates the matrix elements of e B in the pointlike limit to the 3-point correlator of partons in representations {β, R 3 , R 4 } and at transverse positions {u, x 3 , x 4 }. The expression (3.49) encompasses all 3-point correlators addressed previously. Setting C β = C 3 = C R and C 4 = N in (3.49) we get [82] e B (R,Rg) (u;x 3 ,x 4 ) = exp − 1 2
which reproduces the 3-point (q,qg) correlator [46, 81, 82] and (g, gg) correlator [81, 82] for C R = C F and C R = N , respectively. Setting C β = N and C 3 = C 4 = C F in (3.49) provides the 3-point (g,qq) correlator, viewed as the limit of the 4-pointcorrelator where thēpair in the amplitude is replaced by a gluon. The (g,qq) and (q,qg) correlators are obviously related by the permutation u ↔ x 4 . Finally, making the pair of partons 3 and 4 also pointlike, i.e., setting x 3 = x 4 = v in (3.49)-(3.50), yields the relation between e B and the two-point correlator e −CαΓuv of a parton of charge C α , α|e
Let us note that the pictorial procedure presented in this section can be generalized to infer correlators of n partons knowing those of n + 1 partons, for any n.
General features of
In this section we verify that the transverse momentum distribution f α→β (p 1 , p 2 ; L) given by (3.22) satisfies simple properties expected from common sense. These properties follow from the general expression of the operator B (discussed in detail in sections 3.3 and 3.4), independently of the type of the parton pair. We then introduce the 'compact pair expansion' in section 3.5.4.
Transverse momentum broadening of a pointlike pair
Here we consider the drastic limit of an incoming pointlike parton pair.
When |x 12 | = |x 34 | = 0, we insert the limit (3.52) of e B in (3.22) to obtain
The pointlike pair distribution (3.53) after crossing the medium has the same p 1 -dependence as the initial distribution, see (3.21) , and the q-dependence
Obviously, a pointlike pair cannot be probed by the medium, and thus remains in the same color state (factor δ αβ ) and suffers the same broadening as a single parton of color charge C α . In the particular case of a color singlet (C α = 0) pointlike pair, there is no broadening, and the final q-distribution equals the initial one ∝ δ (2) (q).
Tagging a single parton
Here we verify that when only parton 1 is tagged, i.e., when summing over the color of parton 2 and integrating the distribution f α→β (p 1 , p 2 ; L) over p 2 , one recovers the distribution for the single parton 1 defined in (2.6), convoluted with the initial momentum distribution of parton 1 within the pair.
Let us consider parton 1 to be in color representation R. Being inclusive in the color of parton 2 amounts to replace the 2-particle final state |β by the (normalized) one-particle state |R defined by
(3.55)
In order to emphasize this reduction of the number of particles, we introduce the operator 1 1 (2→1) which amounts to trace over the color of parton 2, namely
Recalling (3.8) and integrating (3.22) over p 2 at fixed p 1 then yields
57) where B must be evaluated at x 23 = 0. When x 2 = x 3 we have (recalling (3.18))
withΓ 14 =Γ(x 12 + x 34 ). Applying the operator 1 1 (2→1) to the right of the latter equation, we find that the first two terms vanish, yielding
In the r.h.s. we recognize the expression of B for the broadening of a single parton (see section 2 and (2.6)). Denoting by B 1 and B 2 the color matrices for the broadening of a single parton and a parton pair, respectively, we rewrite (3.59) as 20 The fact that the operator 1 1 (2→1) can be moved to the left of in-medium rescatterings as in (3.61) actually follows from the eikonal approximation, where the transverse positions xi are frozen. In particular, x23 = 0 at any time along the path as a result of integrating over p 2 .
Inserting (3.61) in (3.57) we arrive at 21
(3.62) Finally, writing e −C RΓ14 as the Fourier transform of the one-particle distribution (2.6),
the expression (3.62) can be put in the form
Thus, the inclusive distribution in p 1 is the convolution between the initial distribution |ψ(p)| 2 (of parton 1 within the pair) and the one-particle broadening distribution f (p; L) (for a parton of charge C R ). This demonstrates that when only one parton of the pair is tagged, this parton suffers the same broadening as if it were travelling in isolation. Quite remarkably, this result holds independently of the precise form of the initial pair wavefunction. For instance, it holds even in the compact pair limit where the parton travels with a nearby companion.
Tagging n out of m partons
It is instructive to generalize (3.64) to the case of n tagged partons picked out from a system of m > n partons. Similarly to the case studied in the previous section, we show that the matrix B m associated to the broadening of an m-parton system reduces to B n .
Let us consider an initial m-parton state in color representation α, denoted as |α m . In coordinate space, the probability distributionf α m →β m to evolve to a final state |β m can be easily inferred from the case m = 2 (see (3.16) and (3.20)),
where {x} m denotes the set of relative positions x im ≡ x i − x m (for i = 1 . . . m − 1) in the amplitude, a prime denotes a position in the conjugate amplitude, ∆ − m ≡ x m − x ′ m , ψ({x} m ) is the initial wavefunction of the m-parton system, and B m is the generalization of (3.18) to a (color singlet) system of 2m partons. Going to momentum space (see (3.14)), removing a factor δ (2) ( i p i ), and setting final-state momenta as p ′ i = −p i (for i = 1 . . . m), we obtain the generalization of (3.19)-(3.20) to any m ≥ 2, namely,
66) 21 Both sides have been divided by the Clebsch-Gordan coefficient α|1 1 2→1 |R = Kα/KR, in order to obtain a distribution normalized to unity after integration over p 1 , as can be checked from (3.62) or (3.64).
where P m ≡ m i=1 p i . Tagging partons i from i = 1 up to i = n < m implies that we integrate over the remaining momenta and replace the final color state |β m by |β n , yielding 67) where the reduction operator 1 1 (m→n) is defined analogously to (3.56) (color trace over unobserved partons and Kronecker's in color indices for tagged partons). In the case n = 1, m = 2, the expression (3.67) reproduces (3.57).
Expressing the wavefunction in terms of its Fourier transform,
allows one to evaluate (3.67) as follows. Integrating over p j sets x ′ i = x i for i = n + 1 . . . m (leaving (m + n − 1) x-integrals in (3.67)), and (3.61) generalizes to 70) where the operator B n depends on the (2n − 1) variables {x} n , {x ′ } n , and ∆ − n . The remaining integration variables are thus conveniently traded for the latter, together with x im for i = n . . . m−1. The integrals over x im for i = n+1 . . . m−1 then fix r ′ i = r i for those i-values, and the integral over x nm yields a factor δ (2) 
where the phase reads
The probability density (3.71) to tag n partons with transverse momenta p 1 . . . p n in a system of m > n partons has the form of a convolution and generalizes (3.64) to any n ≥ 1 and m > n (we readily check that (3.71) coincides with (3.64) in the particular case n = 1, m = 2). When n > 1, novel features appear. The first factor of the convolution (second line of (3.71)) is a 'skewed' initial momentum distribution, where there is no matching between parton momenta in the amplitude and its conjugate. (Those momenta are constrained by δ (2) (R n − R ′ n ) and match only for n = 1, where the skewed distribution coincides with the true probability density ∼ |ψ(r 1 . . . r m−1 )| 2 .) The second factor of the convolution (third line of (3.71)) can be readily interpreted by comparing it to the expression (3.66). It plays the role of an evolution operator, in transverse momentum space, of a color singlet system of 2n partons. In particular, the system evolves according to the operator e Bn , and thus suffers the same broadening as if the untagged partons were not present.
Color transitions: off-diagonal elements of f α→β
In this section we discuss the probability density for the parton pair to change its color state, i.e. we consider f α→β in the case α = β. Since a pointlike pair remains in the same color state (see section 3.5.1), changing color state is possible only for pairs which have a nonzero size. We will thus now address a less drastic limit than in the previous section, and consider the compact pair limit where the pair has a small but finite transverse size compared to the resolution ∼ 1/Q of the medium. (We assume that the pair wavefunction ψ(x) selects values |x| ≪ 1/Q.)
The pair color transitions are encoded in the off-diagonal elements (α = β) of the B-matrix. It will be convenient to single out those elements by writing
where D is a diagonal matrix, F is a symmetric matrix with only off-diagonal elements, and X ≡ X t − X u (with X t and X u given in (3.31)-(3.32)). In the present section we do not need to specify the precise form of the matrix F. The specific cases, aq → aq (with a =q, q, g) or gg → gg, can be recovered using (see (3.34) and (3.37))
where in the gg → gg case, the matrix element α|(T 2 t − T 2 u )|β is given by (C.15). We will use the identity
where we introduced the notation
The identity (3.76) can be shown to hold for any D and F, but we will use it only for diagonal D and off-diagonal F. It can be viewed as an expansion in powers of XF or equivalently in the number of color transitions. Independently of the type of parton pair, the off-diagonal matrix F comes along with a factor X, which becomes small in the compact pair limit. Each additional color transition thus brings a suppression factor X. In the following we will need the approximation of X when x 12 and x 34 are small compared to x 23 , namely, 78) where the third line is obtained by approximatingΓ(x 23 ) using (2.10). 22 We are now ready to evaluate α|e B |β for non-diagonal elements in the compact pair limit, to be then implemented in (3.22) to obtain the resulting probability density. When α = β, the first term of the expansion (3.76) does not contribute, and the second term dominates, yielding
In the compact pair limit, |x 12 |, |x 34 | ≪ 1/Q, we have X ≪ 1. Neglecting terms ∼ O X 2 , the matrix D in (3.79) can be evaluated at x 12 = x 34 = 0, i.e., in the pointlike limit. In the latter limit X = 0, B and D coincide, and using (3.52) we can rewrite (3.79) as
The latter expression has a simple interpretation. On a path length δ 1 L, the pair is effectively pointlike and of color charge equal to the initial charge C α . At the longitudinal position δ 1 L, the α → β transition associated to the color factor F αβ occurs, which requires probing the compact pair and thus costs a factor X. Then the pair is again effectively pointlike, of charge C β , on the path length δ 2 L (with δ 1 + δ 2 = 1). It is interesting to quote the distribution f α→β (q; L). Inserting (3.80) in (3.22), using (3.78), and integrating over p 1 at fixed p 1 + p 2 = q we get 23
where x 2 12 is the average size of the parton pair of wavefunction ψ(x),
(3.82) 22 We thus assume |x23| ≪ 1/µ and log( 1 µ|x 23 | ) ≫ 1, which can be easily verified a posteriori. Indeed, the typical value of |x23| contributing to the final expression (3.81) is ∼ min(1/q ⊥ , 1/Q) ≪ 1/µ, similarly to the single parton case discussed in section 2.2 and Appendix A. Thus, the present derivation holds within the logarithmic accuracy (2.14). 23 The integral over δ in (3.81) could be trivially performed, leading however to no real simplification in the following discussion.
In the compact pair limit, f α→β (q; L) given by (3.81) is the product of a suppression factor ∼ F αβQ 2 x 2 12 to have color transition, and a linear superposition of distributions corresponding (up to the logarithmic factor in the integrand of (3.81) which is however harmless) to pointlike color charges
given by the average of the initial and final Casimirs weighted according to the time (in units of L) spent in the initial or final color state. This simple feature also shows up in the limiting behaviors of f α→β (q; L) when q ⊥ Q and q ⊥ ≫Q, which can be derived along the same lines as in section 2.2 and Appendix A for the broadening of a single parton. For q ⊥ Q we have
where 85) and in the limit q ⊥ ≫Q we find
This allows one to emphasize the following points:
(i) The amount of transverse broadening in the events under consideration (α = β) may be estimated by the average value q 2 ⊥w of q 2 ⊥ associated to the linear superposition of Gaussians h G (q; L) appearing in (3.84),
Since in average the color transition occurs at δ = 1 2 , the effective Casimir equals
(ii) The function h G (q; L) has the same zeroth and first moments (in the variable q 2 ⊥ ) as the Gaussian distribution of width q 2 ⊥w . As a consequence, the latter is a very good approximation to h G (q; L), at least when C α and C β are both non-zero, as can be checked numerically. 24 When either C α or C β vanishes, the exact expression (3.85) of h G (q; L) should be preferred.
(iii) Similarly to the case of a single parton (section 2.2), to the logarithmic accuracy (2.14) the approximation (3.84) holds in a region which extends slightly beyond q ⊥ ∼ q ⊥w , before being overcome by the large-q ⊥ asymptotics (3.86).
(iv) For a target of small size L p → 0 (associated with a saturation scaleQ p → 0), the distribution (3.81) reads 25
Normalizing the distribution in a target of size L by (3.88), and then removing a trivial factor L/L p (corresponding to a q ⊥ -distribution being additive in the number of nucleons encountered along the path), (3.84) and (3.86) give
The latter limiting behaviors mimic the well-known Cronin effect. In a large nucleus w.r.t. a proton, the q ⊥ -distribution is reduced (enhanced) at small (large) q ⊥ , as a result of nuclear broadening.
In summary, a simple picture emerges in the compact pair limit. The hard exchange needed for color transition occurs in average at the position L/2. Before (after), the pair behaves as a pointlike object of color charge C α (C β ). This results in q ⊥ -broadening proportional to (C α + C β )/2, which can be read off from the average q 2 ⊥ associated with the small-q ⊥ approximation (3.89), or from the deviation to unity of the large-q ⊥ asymptotics (3.90).
Parton pair produced in a hard process
Until now we have focussed on the transverse momentum probability density of an 'asymptotic parton pair', putting emphasis on the pair color state. In QCD, colorful parton pairs cannot be truly asymptotic, but can be produced in hard QCD processes and propagate through a nuclear medium before later hadronizing. Based on the study of an asymptotic pair, in this section we sketch how to infer the production cross section of a colorful pair in parton-nucleus scattering. We recover the expression derived previously in Refs. [55] [56] [57] , which after a proper sum over color indices reproduces the dijet forward production cross section derived elsewhere, see e.g. Refs. [50, 83, 84] .
Let us consider forward dijet production in high-energy p-A collisions. When viewed in the nucleus rest frame, such a process typically arises from the forward scattering of an incoming parton (from the projectile proton) to an outgoing parton pair (further hadronizing into a dijet), mediated by gluon exchanges with the nuclear medium. Consider the generic case of q → qg scattering, see Fig. 3 . (The discussion applies to any type of produced parton pair.) As is well-known, at high energy the typical lifetime of the qg fluctuation in the incoming quark is large, and the q → qg splitting occurs, at the amplitude level, either long before or long after the nucleus. In light-cone A + = 0 gauge, the qg production cross section is dominated by contributions which may be interpreted as 'initial-state' 25 For the calculation of the x23-integral in (3.88), see e.g. Appendix A2 of Ref. [30] . ('final-state'), when the splitting occurs before (after) the nucleus in the amplitude and its conjugate (Figs. 3a and 3b) , and as an interference when the splitting occurs before in the amplitude and after in its conjugate, or vice-versa (Figs. 3c and 3d ). Those contributions are formally similar to the probability density f α→β (p 1 , p 2 ; L) of an asymptotic pair and can be derived using the same kinetic equation approach as that of section 3.2, up to the replacement of the asymptotic pair wavefunction ψ(x) by the q → qg splitting amplitude, 26 ψ
The initial-state contribution of Fig. 3a involves the 4-point gqqg correlator (similarly to (3.22) ). The other contributions involve 3-point and 2-point correlators, which are limits of the 4-point correlator when the pair is pointlike (in the amplitude or/and in its conjugate), as recalled in section 3.4.2, see (3.50) and (3.52). Using (4.1) and adding all contributions, the qg production cross section in quark-nucleus scattering reads (compare to the probability density of an asymptotic pair (3.22))
where S ⊥ is the transverse area of the nuclear target, Φ g q (z) = C F · 2 1 + (1 − z) 2 /z the q → g DGLAP splitting function [86] , |α the color state coinciding with the incoming parton representation (|β the color state of the final parton pair), and the transverse positions v and v ′ are defined by v = z 1 x 1 + z 2 x 2 and v ′ = z 1 x 4 + z 2 x 3 , with z 1 and z 2 = 1 − z 1 the longitudinal momentum fractions of partons 1 and 2 w.r.t. the incoming quark. 27 Up to proper replacements of the splitting function and B operator, the expression (4.2) also holds in the g → gg and g →cases. 26 In the massless quark limit, any 1 → 2 splitting amplitude (q → qg, g → gg, or g → qq) is proportional to x/x 2 (with x the parton pair transverse separation), times a factor depending on spins (quark helicities and gluon polarizations) [85] . The square of the latter factor gives rise, after summing over spins, to the DGLAP splitting function. For simplicity we do not write the spin-dependent factor in the r.h.s. of (4.1), and directly add the DGLAP splitting function in the final result (4.2).
27 When evaluating the various contributions in the kinetic equation approach of section 3.2, v and v ′ arise as follows. Consider the contribution of Fig. 3d . First, note that if in the amplitude the parent quark of longitudinal momentum p z undergoes a transverse kick ℓ, the qg pair undergoes a global rotation of 'angle'
The production cross section (4.2), written for a final parton pair in a given color state and depending on specific matrix elements of the evolution operator e B , was derived previously in Refs. [55] [56] [57] . Summing over final color indices, 28 one recovers the dijet production cross section expressed in terms of usual (color-averaged) correlators [50, 83, 84] .
5 Discussion: probing unusual Casimirs with compact pairs Our review of parton pair p ⊥ -broadening may help addressing dijet broadening in phenomenology by keeping track of the color structure of the process. In particular, the 'compact pair expansion' (introduced in section 3.5.4, see (3.76) ) should allow one to probe Casimir charges of 'unusual' SU(N ) representations.
In the case of an 'asymptotic pair' studied in section 3, the parton pair can be made compact by choosing a wavefunction ψ(x) selecting values |x| ≪ 1/Q. In the case of a parton pair produced in a hard process (section 4), the pair becomes effectively compact in the kinematical domain |p 1 | ≫ |q| ∼Q. (In this limit the cross section (4.2) is dominated by the region |x 12 |, |x 34 | ∼ 1/|p 1 | ≪ |x 23 | ∼ 1/|q|.) Thus, at large relative transverse momentum p 1 − p 2 , dijet production should be sensitive to the global color charge of the pair, and the latter could be singled out by measuring the broadening of dijet transverse momentum imbalance q = p 1 + p 2 .
As an illustration, let us consider the g + A → gg + X cross section. The latter is an incoherent sum of contributions corresponding to a given color state β of the produced pair, i.e., a sum of terms of the type (4.2) (with proper weights, see the comments in the end of section 4). In the compact pair limit |p 1 | ≫ |q| ∼Q, each contribution is associated with a q ⊥ -broadening depending explicitly on C β . As a consequence, the observed q ⊥ -distribution should be sizable over a range given by the largest of the individual broadening widths. In the g → gg case and for N = 3, the largest broadening occurs when the gg pair is produced in the color state β = 27, and the associated q ⊥ -broadening width scales as (C A + C 27 )/2 = 11/2. The calculation is briefly summarized in Appendix E, see the result (E.3). (The calculation is the same as for an asymptotic compact pair undergoing a color transition from α = 8 a to β = 27, up to the change (4.1) which however does not lead to any difference for q ⊥ -broadening.) We thus expect q ⊥ -broadening of a dijet arising from a compact gg pair to be nearly twice as wide as the broadening of a gluon. Let us mention that when the gg pair is produced in a color octet state, β = α = 8 a , at any time of the evolution the parton system propagating in the medium is a compact color octet, and q ⊥ -broadening scales as C A . For completeness, we also summarize the calculation corresponding to this case in Appendix E, see the result (E.10).
ℓ/p z , hence the individual partons acquire the transverse momenta z1ℓ and z2ℓ. Thus, the probability to have final parton momenta p 1 and p 2 in the presence of a rescattering ℓ between times t and t + dt, is related to the probability to have parton momenta p 1 − z1ℓ and p 2 − z2ℓ in the absence of rescattering. The Fourier transform (3.14) thus induces a phase shift ∼ iℓ · (z1x1 + z2x2), fixing the transverse position of the parent quark at v = z1x1 + z2x2 for this contribution. 28 This amounts to consider a specific linear combination of matrix elements of e B , obtained by the replacement |β → β K β |β in (4.2), see (D.19) for the specific case of a finalpair. Figure 4 . Some contribution to the '3-jet' cross section g + A → ggg + X.
In the above discussion we considered forward dijet production. In p-A collisions at very high energies, the production cross section of n jet > 2 forward jets becomes sizable, and the broadening of a tagged pair of jets in inclusive events may differ from the situation where only two jets are produced. However, such broadening could in principle be addressed using the tools presented in this study. As an illustration, consider '3-jet' production g → g(p 1 )g(p 2 )g(p 3 ), and assume each gluon pair to be compact, i.e., |p i − p j | ≫Q. In Fig. 4 we show one particular contribution to the associated cross section, for which we expect the following features. The tagged pair of jets may arise from any gluon pair (ij). Similarly to the case of n asymptotic partons picked out of m studied in sections 3.5.2 and 3.5.3, we expect this pair to broaden independently of the presence of the third gluon. In Fig. 4 the gluon pair (23) enters the medium as an octet, and we thus expect the associated broadening (of momentum imbalance p 2 + p 3 ) to scale at most as (C A + C 27 )/2, similarly to dijet production. In contrast, the gluon pair (12) can already enter in a color state 27, and can remain in this state. Since the pair is compact the associated broadening should depend solely on C 27 . This suggests that the presence of 3-jet events tends to increase the nuclear broadening of a tagged pair of jets. Finally, let us note that the ggg system can be produced in higher dimensional color states than a gg pair, namely 35, 35 and 64. For instance, the state 64 can be produced via two successive color transitions, 8 a → 27 → 64. Thus, if the three produced gluon jets are tagged, we expect the broadening distribution of p 1 + p 2 + p 3 to receive a Gaussian contribution of width (C A + C 27 + C 64 )/3. The latter will however be suppressed by an additional factor X ∼Q 2 /p 2 ij (with p ij a typical relative transverse momentum between final state partons), compared to contributions associated to a single color transition.
In this study we assumed the saturation scaleQ to be independent of the collision energy √ s, or equivalently of x ∼ p 2 ij /s. At increasing energy, the presence of soft gluons in the incoming parton wavefunction usually promotesQ to an x-dependent functionQ(x). It would be interesting to study whether this statement holds for dijet production when the produced parton pair is in a given color state. Indeed, on one hand the enhancement of p ⊥ -broadening with energy is often attributed to the increase ofQ(x), but on the other hand the color structure of the broadening process itself could explain (at least partly) such an enhancement. First, as argued above, the typical number of forward (hard) partons in inclusive events increases with energy, leading to the presence of higher dimensional color representations with larger Casimirs. Second, the latter Casimirs can be singled out in the compact pair limit, which is also easier to access at higher collision energies. We believe that the tools presented in this study should help quantifying the relative roles of small-x evolution and color structure in the increase of p ⊥ -broadening with energy.
B Anomalous dimension matrix for aq → aq
Here we derive the matrix Q defined by (3.33) in the orthonormal basis (3.4), for the partonic processes aq → aq (with a = g, q, orq). Since parton 2 is a quark, we have C 2 = C 3 = C F , and we denote by C a = C 1 = C 4 the Casimir operator of parton a.
The matrix elements of
where the generic parton a = g, q orq is represented by the dashed line. Using the Fierz identity,
the color graph appearing in (B.1) becomes
In the rhs of (B.3), the second graph equals δ αβ K α (see (3.6)), and the first graph can be simplified by noting that in this graph the intermediate aā state is a fortiori color singlet, thus the value of the graph is unchanged by projecting aā on its color singlet part using
where K a is the dimension of the representation of parton a. As a result, the first graph in the rhs of (B.3) equals K α K β /K a . Inserting then (B.3) in (B.1) gives
The matrix elements of Q given by (3.33) are then easily obtained with the help of (3.28) and using α|T 2 s |β = δ αβ C α ,
C Anomalous dimension matrix for gg → gg
In this section we derive the matrix Q (defined by (3.33)) in the basis (3.4), for gg → gg scattering. The derivation of Appendix B for aq → aq, based on the Fierz identity (B.2), does not apply when the four participating partons are gluons. However, it turns out that obtaining the matrix elements of Q is not more complicated for gg → gg than for aq → aq. First, let us recall that for N ≥ 3, a two-gluon system can be in the following irreducible (and self-conjugate) representations,
where as in (1.1) the representations are labelled according to their dimensions in the case N = 3. In particular 0 is a symmetric representation which is absent when N = 3. (The self-conjugate representation 10 ⊕ 10, of dimension 20 for N = 3, will be simply denoted as 10 in the following.) As in [66] , we order the s-channel representations α (and thus the orthonormal basis vectors |α defined in section 3.1) as in the rhs of (C.1), namely α = {8 a , 10, 1, 8 s , 27, 0}. Those representations are characterized by their dimensions K α , Casimirs C α and symmetry signums σ α = ±1,
We start by evaluating the matrix elements of T 2 t − T 2 u . Using (3.27) and the fact that in the present case
The two graphs appearing in (C.5) are related by permutation of the two upper gluon lines.
Since such a permutation introduces a factor σ α σ β , we obtain
We see that α|(T 2 t − T 2 u )|β is symmetric under α ↔ β, and non-zero only when the representations α and β have different signums, σ α σ β = −1. Thus, it is sufficient to evaluate the graph I αβ when α is antisymmetric (α = 8 a , 10) and β is symmetric (β = 1, 8 s , 27, 0).
• I αβ for α = 8 a When α = 8 a , we replace the left blob of the graph I αβ by the corresponding s-channel projector P a ,
where we used the fact that each gluon between blue and red ones contributes a factor (N − C β 2 ).
• I αβ for α = 10
For α = 10, we use completeness in the subspace of antisymmetric s-channel irreps,
Replacing the left blob of the graph I αβ by (C.10) we obtain
where we used σ β = +1 to go from the second to third line. Using (C.9) and (C.11) in (C.6) we arrive at
(C.12) It is possible to express the matrix elements of T 2 t − T 2 u solely in terms of the invariants σ α , C α and K α (given in (C.4)-(C.2)). This can be done by expressing the Kronecker delta δ 8a α and δ 10 α as 30
where we denote K A ≡ K 8 = N 2 − 1 the dimension of the adjoint representation, and K 10 is given in (C.2). Using (C.13) in (C.12) we obtain
Using the signums (C.4) and Casimirs (C.3), the operator T 2 t − T 2 u in the basis (3.4) thus reads, in matrix form,
Finally, the anomalous dimension matrix Q defined in (3.33) reads (use (3.28))
which using (C.15) can be verified to agree with the results of Refs. [57, 66] .
D Recovering four-pointqqqq and qqqq correlators
In this appendix we quote the explicit analytical form of e B (in the basis (3.4)) following from (3.34), in theqq →qq and→cases. In order to exponentiate the matrix B, it is convenient to decompose B as
where the matrixB is traceless, and to introduce the average dimension and Casimir
where Tr 1 1 = δ α α is the number of s-channel irreps (Tr 1 1 = 2 forqq andpairs). Using (3.34) we obtain
Forqq →qq and→ qq, we have K a = N , C a = C F and the (symmetric traceless) 2 × 2 matrixB of the formB =
is easily shown to exponentiate as
Forqq →qq, ordering the s-channel orthonormal basis |α as {|1 , |8 } we have K α Note that thecorrelator can be obtained from thecorrelator without any additional effort (simply using the expression (3.34) and replacing the s-channel SU(N ) invariants). We also remark that these two correlators are not simply related by 1 ↔ 4 exchange. Although the operators B (defined by (3.18)) corresponding toqq →qq and→are indeed related by 1 ↔ 4 (as can be easily checked), the expressions (D.7)-(D.10) and (D.11)-(D.14) give the matrices of e B in different bases, namely the s-channel bases |α≡ |α = {|1 , |8 } and |α≡ |α ′ = {|3 , |6 } of theqq →qq and→processes, respectively. 31 Thus, in order to obtain the matrix e B in the→case from that in theqq →qq case, one must combine the 1 ↔ 4 exchange with the change of basis from |α to |α ′ , where the matrices e B are implicitly expressed in the s-channel basis of the corresponding process, and the matrix elements of the transition matrix M read
Using pictorial representations [61, 62] of the projectors P3, P 6 and P 1 , P 8 we easily obtain trace of B and eigenvalues λ = ± √ c 2 + d 2 ofB, are basis-independent, and thus simply related by 1 ↔ 4 exchange (implying X t ↔ X t − X u and X u ↔ −X u , see (3.31)-(3.32)) when going from one case to the other.
Finally, as mentioned in [80] , the specific4-point correlator considered in [46] corresponds to the situation where thepair arises from g →and is thus in an initial color octet state |i = |8 , and where a sum over final quark and antiquark color indices is performed, which amounts to consider the final state
(D. 19) Thecorrelator calculated in [46] E Broadening of a parton pair produced in a hard process: examples
Here we briefly derive the g + A → gg + X cross section in the compact pair limit in two cases: when the final gg pair is produced in the color state β = 27, and when it is produced in the same color state as the incoming state, β = α = 8 a .
In the first case, only the first term in the bracket of (4.2) contributes. In the compact pair limit, |p 1 | ≫ |q|, the integral is dominated by |x 12 |, |x 34 | ≪ |x 23 |, and the matrix element α|e B(x 1 ,x 2 ;x 3 ,x 4 ) |β can be expanded as in section 3.5.4 using (3.80). Using also (3.78) we arrive at dσ(g + A → gg [27] The dependence on transverse momentum imbalance q is the same as for an asymptotic compact gluon pair undergoing a color transition, see (3.81) . Thus, q ⊥ -broadening of a gluon pair produced in the color state β = 27 scales as (C A + C 27 )/2 (see the end of section 3.5.4). We now consider the case β = α = 8 a . We start from (4.2), where now the four terms in the bracket contribute. Expanding the operator e B(x 1 ,x 2 ;x 3 ,x 4 ) in the compact pair limit using (3.76), we see that the second term of (3.76) vanishes (since α = β), and the third term is suppressed. The operator e B(x 1 ,x 2 ;x 3 ,x 4 ) can thus be replaced by e D( x 1 ,x 2 ;x 3 ,x 4 ) , where D is the diagonal part of B. The latter is obtained from (3.37) and we obtain e The second line of (E.9) simplifies to −∇ exhibiting a q ⊥ -broadening similar to that of a gluon, see (2.6).
